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Chapter 05:

Measuring Interest Rate Risk

THE FULL VALUATION APPROACH

A. The most obvious way to measure the interest rate risk exposure of a bond position or a portfolio is to re-value it when interest rates change
1. The analysis is performed for a given scenario with respect to interest rate changes

2. It is sometimes referred to scenario analysis because it involves assessing the exposure to interest rate change scenarios

B. The full valuation approach can handle scenarios of any yield curve changes (parallel or nonparallel)

C. What scenarios should be evaluated to assess interest rate risk exposure

1. It is common for regulators of depository institutions to require entities to determine the impact on the value of their bond portfolio for a 100, 200, and 300 basis point instantaneous change in interest rates (up and down)

a. Regulators tend to refer to this as “simulating” interest rate scenarios rather than scenario analysis

2. Risk managers and highly leveraged investors, such as hedge funds, tend to look at extreme scenarios to assess exposure to interest rate changes

a. This practice is referred to as stress testing
D. Assumes that the investor has a good valuation model to estimate what the price of the bonds will be in each interest rate scenario

E. The full valuation process can be time consuming
II. PRICE VOLATILITY CHARACTERISTICS OF BONDS

A. The characteristics of a bond that affect its price volatility are

1. Maturity

2. Coupon rate

3. Presence of embedded options

4. Level of yields

B. Price Volatility Characteristics of Option-Free Bonds
1. The price/yield relationship for any option-free bond
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EXHIBIT 5-4

Price/Yield Relationship for Four Hypothetical Option-Free Bonds

Price ($)

Yield (%) 6%/5 Year 6% /20 Year 9%/5 Year 9% /20 Year
4.00 108.9826 127.3555 122.4565 168.3887
5.00 104.3760 112.5514 117.5041 150.2056
5.50 102.1600 106.0195 115.1201 142.1367
5.90 100.4276 101.1651 113.2556 136.1193
5.99 100.0427 100.1157 112.8412 134.8159
6.00 100.0000 100.0000 112.7953 134.6722
6.01 99.9574 99.8845 112.7494 134.5287
6.10 99.5746 98.8535 112.3373 133.2472
6.50 97.8944 94.4479 110.5280 127.7605
7.00 95.8417 89.3225 108.3166 121.3551
8.00 91.8891 80.2072 104.0554 109.8964

EXHIBIT 5-5

Price/Yield Relationship for a Hypothetical Option-Free Bond

Price

Required Yield





2. This price/yield relationship is for an instantaneous change in the required yield
3. Properties concerning the price volatility of an option-free bond

a. Property 1:
Although the price moves in the opposite direction from the change in required yield, the percentage/dollar price change is not the same for all bonds
b. Property 2:
For small changes in the required yield, the percentage/dollar price change for a given bond is roughly the same, whether the required yield increases or decreases.

c. Property 3:
For large changes in required yield, the percentage/dollar price change is not the same for an increase in required yield as it is for a decrease in required yield

d. Property 4:
For a given large change in basis points in the required yield, the percentage/dollar price increase is greater than the percentage/dollar price decrease
4. The implication of Property 4 is that if an investor is long/short a bond

a. The price appreciation that will be realized if the required yield decreases/increases is greater than
b. The capital loss that will be realized if the required yield increases/decreases by the same number of basis points

C. Bond Features that Affect Interest Rate Risk
1. The Impact of Maturity
a. All other factors constant, the longer the bond’s maturity, the greater the bond’s price sensitivity to changes in interest rates

2. The Impact of Coupon Rate
a. A property of a bond is that all other factors constant, the lower the coupon rate, the greater the bond’s price sensitivity to changes in interest rates

3. The Impact of Embedded Options
a. Price of callable bond =
Price of option-free bond — Price of embedded call option
D. Price Volatility Characteristics of Bonds with Embedded Options
1. Bonds with Call and Prepay Options
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EXHIBIT 5-7

Price/Yield Relationship for a Callable Bond and an Option-Free Bond

Price a

Option-Free Bond
a-a’

1
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Callable Bond &
a-b '
i

¥

¥

Yield

yield drops below the coupon rate. Yet, the value of the embedded call option
increases as yields approach the coupon rate from higher yield levels. For ex-
ample, if the coupon rate on a bond is 7% and the market yield declines to
7.5%, the issuer will most likely not call the issue. However, market yields are
at a level at which the investor is concerned that the issue may eventually be
called if market yields decline further. Cast in terms of the value of the embed-
ded call option, that option becomes more valuable to the issuer and therefore
it reduces the price relative to an otherwise comparable option-free bond.! In
Exhibit 5-7, the value of the embedded call option at a given yield can be
measured by the difference between the price of an option-free bond (the price
shown on the curve ag-a’) and the price on the curve a-b. Notice that at low
yield levels (below y* on the horizontal axis), the value of the embedded call
option is high.

Let’s look at the difference in the price volatility properties relative to an
option-free bond given the price/yield relationship for a callable bond shown in

1. For readers who are already familiar with option theory, this characteristic can be restated as
follows: When the coupon rate for the issue is below the market yield, the embedded call
option is said to be “‘out-of-the-money.” When the coupon rate for the issue is above the
market yield, the embedded call option is said to be ‘‘in-the-money.”




[image: image3.png]96 PART I Background

Exhibit 5-7. Exhibit 5-8 blows up the portion of the price/yield relationship
for the callable bond where the two curves in Exhibit 5-7 depart (segment
b-b’ in Exhibit 5-7). We know from our discussion of the price/yield relation-
ship that for a large change in yield of a given number of basis points, the price
of an option-free bond increases by more than it decreases (Property 4 above).
Is that what happens for a callable bond in the region of the price/yield rela-
tionship shown in Exhibit 5-8? No, it is not. In fact, as can be seen in the
exhibit, the opposite is true! That is, for a given large change in yield, the price
appreciation is less than the price decline.

The price volatility characteristic of a callable bond is important to un-
derstand. The characteristic of a callable bond that its price appreciation is less
than its price decline when rates change by a large number of basis points is
referred to as negative convexity.? But notice from Exhibit 5-7 that callable
bonds don’t exhibit this characteristic at every yield level. When yields are high
(relative to the issue’s coupon rate), the bond exhibits the same price/yield
relationship as an option-free bond and therefore at high yield levels also has
the characteristic that the gain is greater than the loss. Because market partici-
pants have referred to the shape of the price/yield relationship shown in Exhibit
5-8 as negative convexity, market participants refer to the relationship for an

EXHIBIT 5-8

Negative Convexity Region of the Price/Yield Relationship for a
Callable Bond

Price (Y - Y;) = (Y; - Y)(equal basis point changes)
(PL-P)<(P-P)

b-——\p
P

Y, Y Y, Yield

2. Mathematicians refer to this shape as being “concave.”





2. Bonds with Embedded Put Options
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option-free bond as positive convexity. Consequently, a callable bond exhibits
negative convexity at low yield levels and positive convexity at high yield levels.

As can be seen from the exhibits, when a bond exhibits negative convexity,
as rates decline the bond compresses in price. That is, at a certain yield level
there is very little price appreciation when rates decline. When a bond enters
this region, the bond is said to exhibit “‘price compression.”

Bonds with Embedded Put Options
Putable bonds may be redeemed by the bondholder on the dates and at the put
price specified in the indenture. Typically, the put price is par value. The ad-
vantage to the investor is that if yields rise such that the bond’s value falls below
the put price, the investor will exercise the put option. If the put price is par
value, this means that if market yields rise above the coupon rate, the bond’s
value will fall below par and the investor will then exercise the put option.

The value of a putable bond is equal to the value of an option-free bond
plus the value of the put option. Thus, the difference between the value of a
putable bond and the value of an otherwise comparable option-free bond is the
value of the embedded put option. This can be seen in Exhibit 5-9 which shows
the price/yield relationship for a putable bond (the curve a’-b) and an option-
free bond (the curve a-a’).

At low yield levels (low relative to the issue’s coupon rate), the price of
the putable bond is basically the same as the price of the option-free bond

EXHIBIT 5-9

Price/Yield Relationship for a Putable Bond and an Option-Free Bond

Price a’

Option-Free Bond
a-a’

Putable Bond
a’-b
b

Yield





E. Interest Rate Risk for Floating-Rate Securities
1. The price of a floating-rate security will fluctuate depending on three factors

a. The longer the time to the next coupon reset date, the greater the potential price fluctuation

b. The required margin that investors demand in the market changes

c. A floating-rate security will typically have a cap
i. Once the cap is reached, the security’s price will react much the same way to changes in market interest rates as that of a fixed-rate coupon security

ii. This risk for a floating-rate security is called cap risk

F. The Impact of the Yield Level
1. Because of credit risk, different bonds trade at different yields, even if they have the same coupon rate, maturity, and embedded options

2. For a given change in interest rates

a. Price sensitivity is lower when the level of interest rates in the market is high

b. Price sensitivity is higher when the level of interest rates is low

III. DURATION
A. Calculating Duration

1. The duration of a bond is estimated as follows
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where
V- = price if yields decline by y



V+ = price if yields increase by y



V0 = initial price



y = change in yield

2. Duration is interpreted as the approximate percentage change in price for a 100 basis point change in rates
3. Regardless of the yield change used to estimate duration, the interpretation is the same

B. Approximating the Percentage Price Change Using Duration
1. The following formula is used to approximate the percentage price change for a given change in yield and a given duration

approx % price change = - duration x y x 100

C. Graphical Depiction of Using Duration to Estimate Price Changes

1. The shape of the price/yield relationship for an option-free bond is convex
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EXHIBIT 5-10

Price/Yield Relationship for an Option-Free Bond with a Tangent Line

Price
Actual
price
p’
Tangent line
aty*
@~ (Estimated price)

v Yield

the price/yield relationship at yield y*. (For those unfamiliar with the concept
of a tangent line, it is a straight line that just touches a curve at one point within
a relevant (local) range. In Exhibit 5-10, the tangent line touches the curve at
the point where the yield is equal to y* and the price is equal to p*. The tangent
line can be used to estimate the new price if the yield changes. If we draw a
vertical line from any yield (on the horizontal axis), as in Exhibit 5-10, the
distance between the horizontal axis and the tangent line represents the price
approximated by using duration starting with the initial yield y*.

Now how is the tangent line, used to approximate what the new price will
be if yields change, related to duration? Duration tells us the approximate per-
centage price change. Given the initial price and the approximate percentage
price change provided by duration (i.e., as given by Eq. (5-2)), the approximate
new price can be estimated. Mathematically, it can be demonstrated that the
estimated price that is provided by duration is on the tangent line.

This helps us understand why duration did an effective job of estimating
the percentage price change, or equivalently the new price, when the yield
changes by a small number of basis points. Look at Exhibit 5-11. Notice that
for a small change in yield, the tangent line does not depart much from the
price/yield relationship. Hence, when the yield changes up or down by 10 basis
points, the tangent line does a good job of estimating the new price, as we found
in our earlier numerical illustration.

Exhibit 5-11 also shows what happens to the estimate using the tangent
line when the yield changes by a large number of basis points. Notice that the





2. The estimated price that is provided by duration is on the tangent line
3. Regardless of the magnitude of the yield change, the tangent line always underestimates what the new price will be for an option-free bond because the tangent line is below the price/yield relationship

D. Rate Shocks and Duration Estimate

1. For complicated securities, small rate shocks that do not reflect the types of rate changes that may occur in the market because expected cash flows may change when dealing with bonds with embedded options
2. Large rate shocks may cause dramatic changes in the expected cash flows for bonds with embedded options that may be far different from how the expected cash flows will change for smaller rate shocks

3. If the rate shock is small and the valuation model used to obtain the prices is poor, dividing poor price estimates by a small shock in rates in the denominator will have a significant affect on the duration estimate

E. Modified Duration versus Effective Duration

1. Modified duration is the approximate percentage change in a bond’s price for a 100 basis point change in yield assuming the bond’s expected cash flows do not change when the yield changes
2. The assumption makes sense for option-free bonds such as noncallable Treasury securities

3. There are valuation models for bonds with embedded options that take into account how changes in yield affect the expected cash flows
a. Thus, when V- and V+ are the values produced from these models, the resulting duration takes into account both
i. The discounting at different interest rates
ii. How the expected cash flows may change
b. When duration is calculated in this manner, it is referred to as effective duration or option-adjusted duration
c. The more appropriate measure for any bond with an embedded option is effective duration



F. Macaulay Duration and Modified Duration
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	Where k = number of payments per year

(e.g. 
= 2 for semiannual


= 12 for monthly)
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1. Modified duration is a flawed measure of a bond’s price sensitivity to interest rate changes for a bond with an embedded option and therefore so is Macaulay duration

2. The short-cut formula is better because it acknowledges that cash flows and thus value can change due to yield changes
G. Interpretations of Duration

1. Duration is the “First Derivative”
a. The “first derivative of the price/yield function” or simply the “first derivative”

2. Duration is Some Measure of Time
a. Duration has too often been thought of in temporal terms, i.e., years

3. Forget First Derivatives and Temporal Definitions
a. Duration is used as a measure of the sensitivity of a security’s price to changes in yield 

b. Duration provides the investor with a feel for the dollar price exposure or the percentage price exposure to potential rate changes

H. Portfolio Duration

1. A portfolio’s duration can be obtained by calculating the weighted average of the duration of the bonds in the portfolio

w1D1 + w2D2 + w3D3 + … + wKDK
where
wi = MV of bond i / MV of portfolio


Di = duration of bond i


K = number of bonds in the portfolio

a. The yield on ALL the bonds in the portfolio must change by 100 bp for the duration measure to be useful

2. An alternative procedure for calculating the duration of a portfolio is to

a. Calculate the dollar price change for a given number of basis points for each security in the portfolio

b. Add up all the price changes

c. Divide the total by the initial market value of the portfolio to produce a percentage price change that can be adjusted to obtain the portfolio’s duration

IV. CONVEXITY

A. Convexity Measure

1. The convexity measure of a bond is approximated using the following formula
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B. Convexity Adjustment to Percentage Price Change

1. The approximate percentage price change adjustment due to the bond’s convexity (i.e. the percentage price change not explained by duration) is

Convexity adjustment = Convexity measure x (y)2 x 100

2. Duration combined with the convexity adjustment does a better job of estimating the sensitivity of a bond’s price change to large changes in yield

C. Scaling the Convexity Measure

1. It is possible to scale the convexity measure in any way and obtain the same convexity adjustment

	Convexity Measure
	Convexity Adjustment
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	(Convexity measure / 2) x (y)2 x 100
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	(Convexity measure) x (y)2 x 10,000
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	(Convexity measure / 2) x (y)2 x 10,000


D. Modified Convexity and Effective Convexity

1. Modified convexity is obtained by assuming that when the yield changes the expected cash flows do not change

2. Effective convexity is obtained by assuming that when the yield changes the expected cash flows do change

E. Illustrations of Effective Duration and Convexity
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EXHIBIT 53-16

Effective Duration and Effective Convexity for Various Shifts in the Term
Structure for Three Bonds

Term Option-Free Bond Callable Bond Putable Bond
Structure
Shift Effective Effective Effective Effective Effective Effective
(bps) Duration Convexity Duration Convexity Duration Convexity

—500 4.40 23.00 1.91 4.67 4.46 23.46
—-250 4.30 22.19 1.88 4.55 4.37 22.66
0 4.21 21.39 3.08 —-41.72 2.70 64.49
250 4.12 20.62 4.15 20.85 1.87 7.07
500 4.03 19.87 4.07 20.10 1.81 4.23
1000 3.85 18.42 3.89 18.66 1.77 4.03

increases as yields decrease because as yields decrease the slope of the price/
yield relationship for option-free bonds becomes steeper and effective duration
(and modified duration) is directly proportional to the slope of this relationship.
For example, the effective duration at very low yields (—500 bps shift) is 4.40
and decreases to 3.85 at very high rates (+1000 bps). Exhibit 5-17 illustrates
this phenomenon; as yields increase notice how the slope of the price/yield
relationship decreases (becomes more horizontal or flatter).

EXHIBIT 5-17

Price/Yield Relationship of the Option-Free Bond
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EXHIBIT 5-18
Price/Yield Relationship of the Callable Bond
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is becoming linear (an effective convexity of zero represents a linear relation-
ship). As shown in Exhibit 5-16, the effective convexity values of the callable
bond at extremely low interest rates (i.e., for the —250 bp and —500 bp shifts
in the term structure) are very small positive numbers (4.55 and 4.67, respec-
tively). This means that the relationship is almost linear but exhibits slight con-
vexity. This is due to the call option being delayed by two years. At these
extremely low interest rates, the callable bond exhibits slight positive convexity
because the price compression at the call price is not complete for another two
years.'® If this bond were immediately callable, the price/yield relationship
would exhibit positive convexity at high yields and negative convexity at low
yields. At the current level of interest rates, the effective convexity is negative
as expected. At these rate levels, the embedded call option causes enough price
compression to cause the curvature of the price/yield relationship to be nega-
tively convex (i.e., concave). Exhibit 5-18 illustrates these properties. It is at
these levels that the embedded option has a significant effect on the cash flows
of the callable bond.

Exhibit 5-16 shows that for large positive yield curve shifts (i.e., for the
+250 bp, +500 bp, and +1000 bp shifts in the term structure), the effective

10. As noted earlier in this chapter, price compression for a callable bond refers to the property that
a callable bond’s price appreciation potential is severely limited as yields decline. As shown
in Exhibit 5-18, as yields fall below a certain level (i.e., where the yield corresponds to the
call price), the price appreciation of the callable bond is being compressed.
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Exhibit 5-16 shows that the effective convexity of the putable bond is
positive for all rate shifts as would be expected, but it becomes smaller as rates
increase (i.e., for the +250 bp, +500 bp, and +1000 bp shifts in the term
structure). As rates increase, the putable bond price/yield relationship will be-
come linear because of the bond’s price truncation at the put price.!' This is the
reason for the small effective convexity values for the putable bond for the three
positive shifts in the term structure (7.07, 4.23, and 4.03, respectively). It is at
these levels that the embedded put option has a significant effect on the cash
flows of the putable bond. Consequently, at very high rates and intermediate
rates the difference between the effective convexity and standard convexity is
very large. Exhibit 5-19 illustrates these properties.

At very low rates (i.e., for the 250 bp and 500 bp downward shifts in the
term structure), the putable bond behaves like a five-year straight bond because
the put option is so far out-of-the-money. Therefore, as the term structure is
shifted downward, the putable bond’s effective convexity values approach those
of a comparable five-year option-free bond. Comparing the effective convexity
measures for the putable bond and the option-free bond illustrates this charac-
teristic. For example, the effective convexity at the —250 bp shift is 22.66 for
the putable bond and 22.19 for the straight bond. The two convexity measures
are almost identical. In fact, they would be identical if their coupon rates were
equal.

EXHIBIT 5-19

Price/Yield Relationship of the Putable Bond
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11. Price truncation for a putable bond refers to the property that the putable bond’s price depre-
ciation potential is severely limited as yields increase. As shown in Exhibit 5-19, as yields
tise above a certain level (i.e., where the yield corresponds to the put price), the price
depreciation of the putable bond is truncated.





1. Price compression for a callable bond refers to the property that a callable bond’s price appreciation potential is severely limited as yields decline
2. Price truncation for a putable bond refers to the property that the putable bond’s price depreciation potential is severely limited as yields increase
V. PRICE VALUE OF A BASIS POINT

A. This measure, also called the dollar value of an 01 (DV01), is the absolute value of the change in the price of a bond for a 1 basis point change in yield
PVBP = | initial price — price if yield is changed by 1 basis point |

B. It does not make a difference if the yield is increased or decreased by 1 basis point because of Property 2 — the change will be about the same for a small change in basis points

C. The PVBP is related to duration

1. PVBP is simply a special case of dollar duration
2. Given the initial price and the approximate percentage price change for 1 basis point, we can compute the change in price for a 1 basis point change in rates
VI. THE IMPORTANCE OF YIELD VOLATILITY

A. All other factors equal, the higher the coupon rate, the lower the price volatility of a bond to changes in interest rates
B. The higher the level of yields, the lower the price volatility of a bond to changes in interest rates
C. In terms of duration

1. The higher the coupon, the lower the duration

2. The higher the yield level, the lower the duration

D. A framework that ties together the price sensitivity of a bond position to rate changes and yield volatility is the value-at-risk (VaR) framework

1. Risk in this framework is defined as the maximum estimated loss in market value of a given position that is expected to happen with a specified probability
Duration


Interpretation: Generic description of the sensitivity of a bond’s price (as a % of initial price) to a change in yield





Modified Duration


Assumes that yield changes do not change the expected cash flows





Effective Duration


Recognizes that yield changes may change the expected cash flows
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